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ABSTRACT 
This paper gives necessary and sufficient conditions for the existence of a matrix 
[ A 1 A2], where A 1 is square, with prescribed block similarity class and a prescribed 
submatrix that does not contain principal entries of A 1. © Elsevier Science Inc., 
1997 
1. INTRODUCTION 
I_~t F be a field. In [10], we considered and solved the following 
problem, when F is algebraically closed. 
PROBLEM. Under  what conditions does there exist a matrix [A 1 A~], 
where A 1 ~ F re×m, A 2 ~ F re×n, with prescr ibed block similarity class and a 
prescr ibed submatrix that does not contain principal entries of AI? 
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For a definition of block similarity, see [5], for example. Before [10], other 
particular cases of this problem were solved: the case n = 0 in [6, 9, 14]; the 
case where the prescribed block similarity class imply that (A 1, A 2) is a 
completely controllable pair, in [4]. In this paper, we solve completely the 
problem above for an arbitrary field F. 
Using permutation block similarity, we may assume, without loss of 
generality, that the prescribed submatlSx corresponds to rows 1 . . . . .  p and 
columns m - q + 1 . . . . .  m . . . . .  m + t, where p, q, and t are nonnegative 
integers such that p + q ~ m and t ~< n. 
Let C 1 ~ F pxq, C 2 ~ F pxt, 
p = rank[ C 1 C2], 02 = rank C 2, Pl = P - 02" 
Let B 1 ~ F mxm, B 2 ~ F mxn. Let /311 "'" I /3m be theinvar iant  factors of 
the polynomial matrix 
[xlm - B1 -B2] .  (1) 
The symbol I means "divides." We assume that /3 o = 1. Let f l  [ "'" I f r  be 
the list that results from /31 I "'" I /3m on removing the constant polynomials. 
Let v 1 >/ ... >~ v~ > v~+ 1 . . . . .  19 n (= 0) be the controllability indices or 
Kronecker indices of the pair (B1, B2). See [5] or [12] for a definition. For 
notational convenience, we assume that v i = + oo > m whenever i ~ 0, and 
that v i = 0 whenever i > n. 
2. THE CASE m=p +q, t  =0 
The following theorem [9, 14] solves the problem when m = p + q and 
n = 0. This particular case was also solved in [6], assuming that F is 
algebraically closed. The symbol d( f )  denotes the degree of a polynomial 
f(x). 
THEOREM 1. Suppose that m = p + q and n = O. I f  C 1 ~ O, then there 
exist A1, 1, A3,1, A3,3 such that 
A1 1 C1 ] Fm×m 
Aal, A3,a ~ (2) 
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is similar to B 1 if and only if 
= 1 (3)  
and neither of the following conditions is satisfied: 
(A 1) [Sm is irreducible, d( t8 m) = 2, and p - p is odd; 
(B 1) ]3 m is irreducible, p = 1, d( ~m) >~ 3, and p is multiple of d( ~m). 
If C 1 = O, then there exist A1,1, As, 1, As, 3 such that (2) is similar to B, if 
and only if 18~ "'" ~m has a divisor of degree p. 
Next, Theorems 2 and 3 solve the problem in other particular cases and 
are auxiliary results to give a complete solution in Theorem 4. These three 
theorems, with simpler statements, were proved, in [10], for algebraically 
closed fields. For this reason, in this paper, we only give proofs for those 
cases where the proofs of [10] fail. We also adopt the notational conventions 
of [101. 
THEOREM 2. Suppose that m = p + q and t = O. If C 1 ~= 0, then there 
exist A1, 1 ~ F p×p, A1, 5, A3,1, A3,3, As, 5 s~ttch that 
A1 1 C1 A1,51 Fm×(m+n) 
A311 A3,3 A3,5 ] E (4) 
is block similar to [ B 1 B 2 ] if and only if (3) holds and none of the following 
conditions is satisfied: 
(A 2 ) Ol = O, [~m is irreducible, d(tim) = 2, and p - p is odd; 
(B2) Ol = O, [~m is irreducible, p = 1, d(tim) >~ 3, and p is a multiple of 
d(tim)" 
I f  C 1 = O, then there exist A1,1 ~ F p×p, A1,5, A3,1, A3,3, A3, 5 such that 
(4) is block similarto [B 1 B2] if and only if [31 . . .  [~m has a divisor of degree 
3, where 
max{0, p - v 1 . . . . .  v~} ~< ~i ~< p. (5) 
Proof. Necessary condition: Suppose that C 1 =/= 0. The condition (3) 
follows from the interlacing inequalities for invariant factors, as in [10]. If 
a = 0, then B 2 = 0, A1, 5 = 0, As, 5 = 0,and B 1 is similar to (2). In this case, 
the proof follows from Theorem 1. 
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Suppose that C 1 = 0. In this case, the proof is by induction on w = 
v 1 + --" +v~. Suppose that w = 0, that is, a = 0. Again B 1 is similar to (2), 
and the proof follows from Theorem 1. Suppose that w > 0. According to 
Lemma 4.3 of [4] (Lemma 3 of [10]), [B 1 B 2 ] is block similar to a matrix of 
the form 
0 0 0 0 I T 0 0 
D2,1 D2,2 0 0 0 0 0 
[ I~ ,1D3.2D3,303,4000 
0 0 0 0 0 I,~_ n 
F rn×(m+n), (6 )  
where 7 /= rank A 1 5 ~< a,  Dz, 1 ~ F (p-n)xn, 02, 2 E F (p-n)x(p-n), 03,  3 E 
F (q-a+n)x(q-a+n) 'D E F (q-a+n)x(a-n) The pair , 3,4 " 
[D3,2 D3,3 ' D3,4 D3, 
has controllability indices v 1 - 1 . . . . .  v~ - 1, and 
xI - D2. 2 0 0 -D2,11 
-D3 ,  2 xl - D3, 3 -D3,  4 -D3 ,  1 
has nonconstant invariant factors .]:1 . . . . .  f t .  According to the induction 
assumption, /31 "'" /3m has a divisor of degree 6, where 
max{0, p -  ~/ -v  1 . . . . .  v~+ a} ~ 6~<p-  7/. 
Therefore (5) is satisfied. 
Sufficient condition: Suppose that C 1 4= 0. In this case, the proof is by 
induction on p. We use the argument hat was used in the proof of Theorem 
2 of [10], except when we are not able to apply the induction assumption. The 
only cases where this is not possible are the following: 
(K 2) p >/2, a = 1, v I = 1, p >/2, /3 m is irreducible, d(/3 m) = 2, and 
p - p is odd; 
(B~) p /> 2, a = 1, v I = 1, p = 2, /3m is irreducible, d(/3 m) >/3, and 
p - 1 is a multiple of d(/3m); 
(C~) p >~2, a>/  1, p= 1, and /31 ... /3m does not have a divisor of 
degree 6, where 
max{0, p -v  1 . . . . .  v~} ~< 6~<p-  1. 
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In any of these three cases, we use the argument that was used in the proof 
of Theorem 2 of [10], with the following changes: now we take p' = p and 
j=0. 
Suppose that C a = 0. l~t  d be the degree of 131 .'- tim" According to 
Theorem 1, there exists a matrix 
[a 0] 
A' = A ,1'1 E F dxd 
3,1 A3,3 
where A' F 8×8 A' 1,1 ~ , such that xI d - has nonconstant invariant factors 
f l . . . . .  f r" Consider the matrices 
H l = (C(x  v') ~ "'" ~ C(x°~) )  t e F (' '-a)×("-d), 
H2 [ e~m-d, . ,(m-d, . . . .  (m-d) 0] ~VI+I vVl+ - +Va_l+ 1 E F (m-d)× n. 
Note that m-d- -v  1 +" .  +v ,>/p -  8>t0.  Consider [H 1 H 2] parti- 
tioned as follows 
HI,  0 Hi.a] 
[Hi n2] = n2, ,  H2,2 H2,3 ' 
where H1,1 and He, 2 are square blocks and H1, l is (p - 8) × (p - 3). 
The matrix 
B,= ["0 A° 0° 
[H2,1 0 H2, 2 H2, 3 
is block similar to [ B 1 B 2 ] and has the prescribed form. 
3. THE CASE m=p +q,  n =t  
THEOREM 3. Suppose that m = p + q, n = t. Let d be the degree of  
~1 "'" ~m" 
I f  Pl ~ O, then there exist matrices A1,1, A3,1, A3,3, A3, 5 such that 
A1,1 C 1 C~ ] Fmx(m+~) 
A3.1 A3,ZL A3,S ~ (7) 
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is block similar to [B 1 B2] i f  and only if 
p~ < o~, (8) 
/3,~+p, = 1, (9) 
v 1+' - "  +vp+d>~p +p l ,  (10) 
Va_q+p _p~ >/ 2, (11) 
and none of the following conditions is satisfied: 
(A 3) vl <<- 1, ~m is irreducible, d(tim) = 2, and p - p is odd; 
(B 3) v 1<<. 1, Pl = 1, [3,, 1 is irreducible, d( ~m) >13, and p -p2  is 
multiple of d( tim); 
(C 3) v 1 = 2, Pz = O, ~m is irreducible, d(~m) = 2, and p - p is odd; 
(D 3) 2 ~<v 1 ~<d(tim), P l=  1, Pz =0,  /3 m is irreducible, d(~m)>13,  
and p is multiple of d( tim); 
(E3) v 1 = 2, /91 >/ 2, P2 = O, d = p - Pl + 1, and [31 ."  [3 m does not 
have a root in F; 
(F3) Pl = 1, P2 = O, d = p, and 81 "'" [3,~ does not have a divisor of 
degree 3, where 
max{0, p -v ,  + 1} 4 8~<p-  1. (12) 
I f  Pl = O, then there exist A1,1, A3,1, A3,3, A3, 5 such that (7) is block 
similar to [ B 1 Be] if and only if (8) and ~1 "'" ~m has a divisor of degree 3, 
where 
max{0, p - v I . . . . .  Vp2 } ~< ~ ~< p -/92. (13) 
REMARK. Suppose that Pl = 0 and that (13) is satisfied. Since rank B e = 
a, the polynomial matrix [x I  m - B 1 -B  e] has at least a invariant factors 
equal to 1, and (9) is satisfied. The condition (10) is a trivial consequence of
(13). The condition (11) is also satisfied, as a - q - P2 ~< 0 (see inequality 
(i) in the proof of Theorem 3 of [10]). 
Proof. Necessary condition: For any value of Pl, the conditions (8)-(11) 
can be proved as they were proved in [10] for algebraically closed fields. 
According to Lemma 4.3 of [4] (Lemma 3 of [10]), [ B 1 B 2 ] is block similar to 
a matrix of the form 
0 0 0 0 Ip~ 0 0 ] 
1 
D2, 1 D2, 2 D2, 3 D2, 4 0 0 0 
I D0, D3, 2 D3, 3 D3, 4 0 0 0 ' 0 0 0 0 0 I~_p2 
(14) 
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where D ~ F (p-p2)×p~, D ~ F (p-p2)×(p-p2) D E F (p-p2)×(q-a+p2) 2,1  2 ,2  , 2 ,3  , 
Dz 4 ~ F(P-P~)×(a-P~), and rank[D 2 3 D2 4] = Pl. The pair 
o 3]ro24 o2,11) 
D312 D3,3 ' [D3 ,4  Da, l J  
has controllability indices v I - 1 . . . . .  v~ - 1, and 
xI - D 2 2 -D2  3 -D2  4 -D2  1] 
-D3 ,  2" x I -  D3, 3 -D314 -D3',1 l 
has nonconstant invariant factors f l  . . . . .  f r  
Case 1. Suppose that Pl = 0. According to Propositions 3.1 and 3.2 of 
[4] (Lemmas 2 and 1 of [10]), we may assume that C 1 = 0. In this case, the 
proof is by induction on w = v 1 + "" +v~. Suppose that w = 0, that is, 
a = 0. Then P2 = 0 and B 1 is similar to (2). The proof follows from 
Theorem 1. 
Now suppose that w > 0, and let 0 = rank D2,1. We have Dz,3 = 0 and 
D2,, = 0. According to the induction assumption, /31 ... /3m has a divisor of 
degree (~, where 
max{0, p -pz -v  1 . . . . .  v 0+ 0} ~< 8~<p-p2-  0. 
Since 0 ~< p~ ~< a,  we have 
v 1 + ' . .  +vp~ >iv 1 +. . .  +%+p2-  O, 
and therefore (13) is satisfied. 
Case 2. Suppose that Pl > 0. 
Subcase 2.1. Suppose that v 1 ~< 1. It is hard not to deduce, from the 
definition of controllability indices, that the submatrices D2,1, Dz, 4, 
D3,1, D3,, have all their entries equal to zero. Clearly, xI,~_ ~ - D, where 
D2,2 D2,3] 
D = D3,2 D3,z , 
has nonconstant invariant factors f l  . . . . .  f t .  From Theorem 1, we conclude 
that (A3), (B 3) are not satisfied. 
Now suppose that (F 3) is satisfied, in order to get a contradiction. As 
v 1 ~< 1, we have m = d + or. Therefore, q = a.  From (11), we get v 1 >t 2, 
which is impossible. 
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Subcase 2.2. Suppose that v 1 >i 2 and P2 = 0. 
Firstly, we assume that v I = 2 and prove that (C 3) and (D 3) are not 
satisfied in this case. Let v = rank D~, 4. Then v 1 . . . . .  v~ = 2. Suppose 
that Pl - v > 0. I f  we apply subcase 2.1 to 
[ De2 D23 D2,4] 0312 0313 03,4 ], (15) 
we deduce that neither of the following conditions is satisfied: 
(K3) /3m is irreducible, d(/3 m) = 2, and p - p is odd; 
(n3) 101 - I) = 1, /3m is irreducible, d(/3 m) t> 3, and p - v is a multiple 
of d(/3m). 
Consequently, (C 3) and (D 3) are not satisfied. 
Now suppose that 191 - v = 0. I f  we apply ease 1 to (15), we deduce that 
/31 "'" /3m has a divisor of degree p - v. Consequently, i f /3  m is irreducible 
and d(/3,,) = 2, then p - v is even, and (C 3) is not satisfied. On the other 
hand, if Pl = 1, /3m is irreducible, and d(/3 m)/> 3, then v = 1 and p - 1 is 
a multiple of d(/3m); therefore, (D 3) is not satisfied. 
Let us prove that (D 3) is not satisfied, by induction on v 1. As the case 
v 1 = 2 has already been considered, we assume that v 1 >/3. Suppose that 
(D s) is satisfied, in order to get a contradiction. We have rank De, 4 ~< 1. 
Suppose that rank D2, 4 = 1. I f  we apply case 1 to (15), we deduce that 
/31 "'" /3m has a divisor of degree 8, where 
max{0, p -v  1+ 1} ~<~<p-  1, 
which is impossible, because/3 m is irreducible, p is a multiple of d(/3m), and 
vl ~ d(/3m). 
Suppose that rank D2, 4 = 0. I f  we apply the induction assumption to (15), 
we deduce that (D 3) is impossible. 
Analogously, we can prove that (F 3) is impossible, by induction on v 1. 
Finally, suppose that (E 3) is satisfied, in order to get a contradiction. I f  
we apply the condition (11) to (15), we get 
v,~2~_(q_a)+(pl_ v)_ v >~ 3, 
where v = rank D2, 4. Therefore 
a ~2) -q  + a+ Pl -2v~< O. 
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As p+q=m=d+vl+. . '+v~=d+a+a (2) and p l=p-d+ l, 
we deduce that 2 Pl - 1 ~< 2 v. Consequently, u = ]D 1. I f  we apply case 1 to 
(15), we deduce that/31 -" /3m has a divisor of  degree p - Pl. As d = p - 
Pl + 1, /31 "'" /3m has a root is F, which is impossible. 
Suffwient condition: 
Case 1. Suppose that Pl > 0. We use the argument that was used in the 
proof of Theorem 3 of [10], except when we are not able to apply Theorem 2. 
The only cases where this is not possible are the following: 
(K' a) r '  = O, z = T", Pl > T, /3~ is irreducible, d(tim) = 2, and p - p 
is odd; 
(B'~) ~-' = 0, T = T", Pl -- T = 1, /3m is irreducible, d(/3 m)/> 3, and 
p - T -- P2 is a multiple of  d(/3m); 
(C~) Pl = 7, and /31 "'" /3m does not have a divisor of degree 8, where 
max{0, p - I) 1 . . . . .  19p -]- P l}  ~-~ ~ ~ P - P. (16) 
I f  a (2) = 0, then ~" = 0 and 1) 1 ~ 1; consequently, (K' a) and (B 'q  3/ are 
impossible, because (A 3) and (B 3) are not satisfied; condition (C~) is also 
impossible, as fll > 0 and 0- = 0. 
Now suppose that a (~) > 0. 
Subcase 1.1. Suppose that one of the conditions (g'a), (B'~) is satisfied. I f  
T = 0, then ~'" = 0 and from the definition of  T" it follows that Pz = 0; from 
the definition of T, it follows that z = a - P2 and a = P2 = 0, which is 
impossible. Therefore T > 0 and Pl >/2. 
From the definition of T', a (3) = 0. As a (~) > 0, we have v 1 = 2. 
Subcase 1.1.1. Suppose that P2 = 0. As (C a) is not satisfied, (E  a) is 
false. Thus (B'~) is satisfied. As Pl > T and a >i a (2), we deduce, from the 
definition of 7, that r = a (2). According to the inequalities (vi) and (viii) in 
the proof of  Theorem 3 of[10], we have 1 = Pl - ~" ~< P - z  and 1 = Px - T ~< 
q- -  a. Notethat  m=d+vx +. . .  +v ,  =d+ a+ ~' .There forem-  a -  
T = d is multiple of  d(/3m). AS p -- z is multiple of  d(f in),  we conclude 
that q - a is multiple of d(/3m), tOO. According to Theorem 1, there exists a 
matrix 
A' C~ ] Fd×d (17) 
A'  = A,1.1 A' 
3,1 3,3 
such that xI d -A '  has nonconstant invariant factors f ,  . . . . .  fr ,  C~ 
F (p-r+l)×(q-a-1), and rank C~ = 2. Let (H  1, H2), where H 1 
F(~- ~+2)×(~- +2), H2 ~ F(~- ~+2)×(n- ~+ 1), be a completely controllable pair 
268 FERNANDO C. SILVA 
with nonzero controllability indices v . . . . . .  v~. Then 
B, 
[ 0~_ 1 0 0 I._ l 
___[ ! A' 0 0 
0 H 1 0 
0 0 0~_ 1 
0 0 
0 0 
H 2 0 
0 I,_ 1 
is block similar to [ B 1 B2]. Using Proposition 3.1 of [4] (Lemma 2 of  [10]), it 
is easy to see that the submatrix of B '  lying in rows 1 . . . . .  p and columns 
m - q + 1 . . . . .  m + n is q-equivalent to [C 1 C2]. Bearing in mind Proposi- 
tion 3.2 of  [4] (Lemma 1 of [10]), the proof is complete. 
Subcase 1.1.2. Suppose that P2 > 0. As ~-" = ~-< r + p~, we have 
r" = ~- = a (2). Then the condition (11) implies that a - q + Pl - P2 ~< z 
and 
q - et + p2 >~ p l  - r .  (18) 
As T= a (2) and v 1 =2,  wehave  m=d+v 1 +. . .  +v~=d+ a+ ~',and 
therefore 
d=m-a- r=(p-  T - -p2)  +(q -a+pz) -  (19) 
Suppose that (?~'3) is satisfied. Then ( p - • - P2) - ( Pl - T + 1) = p -- 
p - -  l> /0 .  Thus 
p -  r - t92  >/p l -  r+  1, (20) 
and the numbers p - z - P2, Pl - T + 1 have the same parity. As d is a 
multiple of d(tim) = 2, we deduce, from (19), that q - a + P2 and Pl - 
T + 1 have the same parity. From (18), we get 
q -  a+p2>~pl -  T+ 1. (21) 
Now suppose that ,tB")3 is satisfied. As p - • -  P2 is a multiple of d(/~m) 
(>i 3), p >/ p and Px - r = 1, we deduce (20). As d is a multiple of d(tim), 
q -- a + P2 is also a multiple of d(/3m), and from (18) we get (21). 
According to Theorem 1, there exists a matrix A' of  the form (17), such 
that x I  a -A '  has nonconstant invariant factors f l  . . . . .  f r ,  C'1 
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F (p-p~-r)x(q-a+pD, and rank C[ = Pt - T + 1. The matrix 
"0~_ 1 0 0 0 0 0 I,_ 1 
0 01 1 0 0 0 0 
0 0 01 0 0 0 0 
0 0 0 0p~_ 1 0 0 0 
0 0 0 0 A' 0 0 
0 0 0 0 0 0,~_~_p~+l 0 
0 0 0 0 0 0 07_ 1 
0 0 0 0 0- 
0 0 0 0 0 
0 0 1 0 0 
0 0 0 I,~_ 1 0 
0 0 0 0 0 
I~_~_p2+1 0 0 0 0 
0 I¢_ 1 0 0 0 
is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of  [4] 
(Lemmas 2 and 1 of  [10]), the proof  is complete. 
Subcase 1.2. Suppose that (C~) is satisfied. Suppose that p - p >/d.  
F rom (10) ,  we deduce that (16) is satisfied with 8 = d, which is impossible. 
Thus p - p < d. We have Pl = ~" ~< a(~) and Pl = r ~< a - P2. Therefore 
v l+ ' ' "  +vp>ip+pl .  I f  p -p=0,  then (16) is satisfied with 8=0,  
which is impossible. Thus p - p > 0. 
Subcase 1.2.1. Suppose that P2 > 0. According to Theorem 1, there 
exists a matrix A' ,  of  the form (17), such that xI a -A '  has nonconstant 
invariant factors fl . . . . .  f r ,  C '  ~-F  (p-p)x(d-p+p), and rankC~ = 1. Let 
(GI , [G 2 G3]), where GI~F g×g, G2~F g×l, GafF  g×(pI-1), q=vl  + 
• .- + vpl - 2 Pl, be a completely controllable pair with controllabil ity indices 
v 1 - 2 , . . . ,  vpt - 2. Let (H  l, He), where H 1 E F hxh, H 2 E F h×(p~-l), h -- 
Vpt+ 1 + "'" "}" t~p_ 1 --  P2 -I- 1, be a completely controllable pair with controlla- 
. . . .  vp_l - 1. Let (L1, L~), where L 1 F , L 2 bility indices vp~+l - 1, ~ z×l E 
Fl× (n- p+ 1), l = vp + -.. + v~, be a completely controllable pair with nonzero 
controllability indices vp , . . . ,  v~. The matrix 
-0~._ 1 0 0 0 0 0 0 0 /r-1 
0 01 1 0 0 0 0 0 0 
0 0 01 0 0 0 0 0 0 
0 0 0 Oa~_ 1 0 0 0 0 0 
0 0 0 0 A' 0 0 0 0 
G 3 G 2 0 0 0 G 1 0 0 0 
0 0 0 Hz 0 0 H 1 0 0 
0 0 0 0 0 0 0 L 1 0 
0 0 0 0 0 0 0 0 0~_ 1 
0 0 0 0 
0 0 0 0 
0 0 1 0 
0 0 0 Ip_ 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
L 2 0 0 0 
0 I~._ 1 0 0 
is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of  [4] 
(Lemmas 2 and 1 of  [10]), the proof  is complete. 
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Subcase 1.2.2. Suppose that P2 = 0, ~- = Pl >i 2 and v 1 /> 3. According 
to Theorem 1, there exists a matrix A',  of the form (17), such that xI d - A '  
has nonconstant invariant factors f l  . . . . .  f r ,  C '~ F (p-p)×(d-p+p), and 
rank C~ = 1. Let (G1, G2), where G 1 ~ F (vl-s)×(v~-3), G~ ~ F (~-3)× 1, be a 
completely controllable pair with controllability index v 1 - 3. Let (H  1, H2), 
where H 1 ~ F h×h, H 2 E F h×(r-2), h = v 2 + ... +v,_  1 - 2~" + 4, be a 
completely controllable pair with controllability indices v 2 - 2 . . . . .  v,_ 1 - -  2. 
Let (L1, Lz), where L 1 ~ F l×z, L 2 ~ F l×(~-~÷l), l = v, + ... +v , ,  be a 
completely controllable pair with nonzero controllability indices v . . . . . .  v,.  
The matrix 
01 1 0 0 0 0 0 0 0 
0 01 0 0 0 0 0 1 0 
0 0 0,_ 2 0 0 0 0 0 I,_ 2 
0 0 0 A' 0 0 0 0 0 
G 2 0 0 0 G 1 0 0 0 0 
0 0 H 2 0 0 H 1 0 0 0 
0 0 0 0 0 0 L 1 0 0 
0 0 0 0 0 0 0 01 0 
0 0 0 0 0 0 0 0 0~._ 2 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
L z 0 0 
0 1 0 
0 0 I~_ 2 
is block similar to [n 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 1.2.3. Suppose that P2 = 0, r = Pl /> 2, and v 1 = 2. We have 
already noticed that p - Pl + 1 ~< d. As Pl = T ~< a (z), we have v 1 . . . .  
Subcase 1.2.3.1. Suppose that p - Pl + 1 = d. As (E 3) is not satisfied, 
/31 ..- /3,, has a root is F. According to Theorem 1, there exists a matrix, of  
the form (17), such that xI d - A' has nonconstant invariant factors f l  . . . . .  f r  
and C '  = 0 ~ F (d-1)×1. Let (H  1, H~), where H 1 ~ F hXh, H 2 ~ F hx(n-r) ,  
h = v~+ 1 + "'" + v~, be a completely controllable pair with nonzero control- 
lability indices v,+ x . . . . .  v~. The matrix 
0! 0 I~ 0 
A' 0 0 
0 O, 0 
0 0 H 1 1 0 0 Hz 
is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
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Subcase 1.2.3.2. Suppose that p - Pl + 1 < d. Suppose that the follow- 
ing condition is not satisfied: 
(B") a /3m is irreducible, d(/3,~) >/3, and p - Pl + 1 is multiple of d(/3m)" 
Remember that (C a ) is not satisfied. Then, according to Theorem 1, there 
exists a matrix, of the form (17), such that xld - A' has nonconstant invariant 
factors f l  . . . . .  f r ,  C' ~ F (p-'~+l)x(d-v+~'-l), and rank C' = 1. Let (H 1, H2), 
where H 1 ~ F hxh, H 2 ~ F h×(n-'r+l), h = v 7 + "" +v,,, be a completely 
controllable pair with nonzero controllability indices v . . . . . .  v~. The matrix 




0 1._ 1 





is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Now suppose that (B")3 is satisfied. Then p - r + 1 and d - p + r - 1 
are positive multiplies of ~ -'= d(/3,~). According to Theorem 1, there exists a 
matrix, of the form (17), such that xI d - A' has nonconstant invariant factors 
f l  . . . . .  f,., C' E F (p-r+2)x(d-p+'r-2), and rank C' = 2. Let (HI, H2) , where 
H 1 ~ F hxh, H 2 ~ F hx(n-'r+2), h = v.~_ 1 + ... +vo,, be a completely control- 
lable pair with nonzero controllability indices v,_ 1 . . . . .  v~. The matrix 










is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 1.2.4. Suppose that P2 = 0, T = Pl = 1. We have already no- 
riced that p ~< d. 
Subcase 1.2.4.1. Suppose that p = d. As (F 3) is not satisfied, /31 ... /3m 
has a divisor of degree 8 such that (12) holds. According to Theorem 1, there 
exists a matrix, of the form (17), such that xI d - A' has nonconstant invariant 
factors f l  . . . . .  fr  and C' = 0 ~ F 8x(p-8). Consider the matrix 
HI. 1 0 ] (22) 
H2,1 H2.2 ' 
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where H1, 1 = C(xP-8) ,  
H2 2 = C(xV l -P+8-1)  •The blocks H2 i, H2 2 do not exist if v 1 - p + 6 - 
1 -" 0. Let (L 1, Lz), where L 1 ~ F~Xtl L 2 ~ F tx¢"-l) ,  1 = v 2 + ... +v,~, be 
a completely controllable pair with nonzero controllability indices v 2 . . . .  , v~. 
The matrix 
-H1, I 0 0 e~ p-8) 
0 A' 0 0 
H2, i 0 H2, 2 0 
0 0 0 01 












is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 1.2.4.2. Suppose that p < d. Suppose that neither of the fol- 
lowing conditions is satisfied: 
(~,,,) 
3 ~m is irreducible, d(/3 m) = 2, and p 1 is odd. 
B"") 3 ~m is irreducible, d(/3 m) >1 3, and p is multiple of d(/3m). 
Then, according to Theorem 1, there exists a matrix, of the form (17), such 
that xI d - A '  has nonconstant invariant factors f l  . . . . .  f,., C '  E F px(d-p), 
and rank C' = 1. Let (H 1, H2), where H I ~ F (m-d)×(m-d), H 2 E F ~m-d)×", 
be a completely controllable pair with nonzero controllability indices 
v 1 . . . . .  v~. The matrix 
[A 0 0] 
H1 H2 (24) 
is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Now suppose that one of the condition (K'~'), (B~") is satisfied. As neither 
of the conditions (C3),(D 3) is satisfied, we have 6 := d(~m)< v I. Let 
A'  = C( f l )  • "" • C(f~).  Consider a matrix of the form (22), where H1.1 = 
C(x~), 
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H2 2 = C(xV l -~- l ) .  The blocks H 2 1, H2 2 do not exist if v 1 - 8 - 1 = 0. 
Let (L  1, L2), where L 1 ~ F t×t, L z ~ F t×'(~- n, l = v 2 + "" +v~, be a com- 
pletely controllable pair with nonzero controllability indices v 2 . . . . .  v~. The 
matrix that results from (23) on replacing e~ p-n)  with e~ 8) is block similar to 
[B 1 B2]. Beating in mind Propositions 3.1 and 3.2 of [4] (Lemmas 2 and 1 of 
[10]), the proof is complete. 
Case  2. Suppose that Pl = 0. We may assume that C 1 = 0. According 
to Theorem 1, there exists a matrix, of the form (17) such that xI~ - A '  has 
nonconstant invariant factors f l  . . . . .  f r  and C '  = 0 ~ F ~×(d-8). According 
to Theorem 2, there exist matrices 
HI, 0 ] FhXh ' 
H 1 = H2,1 H2,2 
H2 = H2,a] ~ x0~, 
where H1, ~ ~ F (p-~-p~)x(p-~-pz), HL3 ~ F (p-8-p2)xp2, h = v I + ... 
+vp2 - P2, such that (H  l, H 2) is completely controllable and has control- 
lability indices v I - 1 . . . . .  vp~ - 1. Let (L1, L2), here L 1 E L lxl, L 2 
F l×(n-p~), l =vp~+l + "" +v~, be a completely controllable pair with 
nonzero controllability indices vp2 + 1 . . . . .  v~. The matrix 
0p~ 0 0 0 
H1,3 H1,1 0 0 
0 0 A'  0 
H2, 3 H2,1 0 H2, 2 










is block similar to [B 1 B2]. Beating in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and i of [10]), the proof is complete. • 
4. THE GENERAL CASE: m >~ p + q, n >1 t 
Now consider the general case: m >/p + q, n >~ t. Define integers 
o-l, o-2 as follows: 
o-2 = min(a ,  n - t + P2, P}, (25) 
o" 1 =min{m-p-q  + p l ,  p - o"2, m - P - a+ o"2 + atZ), m - r - a} ,  
(26) 
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where 
ot (2) = max{i: v i >i 2}. (27) 
THEOREM 4. Let d be the degree of  t l  "'" tm"  
I f  0-1 ~ 0, then there exist matrices 
[ AI.1 AI,~ C1 ] 
A1 = /A2,1 A2 2 A2,3 / E F m×m , (28) 
A2 ] C2 AL5 = A2, 4 A2,5 
Az,4 A3,5 
E F TM , (29) 
where A1,1 ~ F p×p, Aa. 3 ~ F qxq, A3, 4 ~ F q×t, 8itch that [A  1 A2] is block 
similar to [B 1 B 2 ] i f  andonly  i f  
p2 -<< a, (30) 
v 1 + ... +v,,,+o, 2 + d ~> p + o" 1, (31) 
Pl + P2 ~< °'1 + 0-2, (32) 
and none of  the following conditions is satisfied: 
(A4) v 1 <.~ 1, 0-1 = Pl, cr2 = P2, tm is irreducible, d( tm)= 2, and 
p - p is odd; 
(B 4) v 1 <~ 1, 0-1 = Pl = 1, ~r 2 = P2, tm is irreducible, d(t im) >1 3, and 
P - P2 is a multiple of  d( tm ), 
(C 4) v 1 = 2, 0-1 = Pl, 0-2 = P2 = O, tm is irreducible, d ( t in )  = 2, and 
p - p is odd; 
(D 4) 2~<v 1 ~<d(tim), o"1 =P l  = 1, o" 2 =p2 =0,  tm is irreducible, 
d( t~)  >I 3, and p is a multiple o f  d( t~);  
(E 4) v 1 =2,  o- 1 =p l  >t 2, o-e =p2=0,  d=p-p l  + 1, and/31 ... tm 
does not have a root in F; 
(F4) 0-1 = Pl = 1, 0-2 = P2 = O, d = p, and fll "'" tim does not have a 
divisor of  degree 3, where 
max{0, p -v  1 + 1} ~< 8~<p-  1. 
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I f  0 = cr 1 = m - p - q + Pl, then there exist matrices A 1, A 2 of  the 
forms (28) and (29) such that [ A 1 A 2] is block similar to [B 1 B 2] i f  and 
only i f  (30) holds and/31 "'" fl,. has a divisor of  degree 8, where 
max{0, p -- v 1 . . . . .  v~2 } ~< t} ~< p - P2. (33) 
I f  0" 1 -~" 0 < m - p - q + Pl, then there exist matrices A1, A 2 of  the 
forms (28) and (29) such that [ A 1 A2] is block similar to [ B 1 B 2] i f  and 
only i f  (30) holds. 
Proof. Necessary condition: For any value of  0-1, the conditions (30)-(32) 
can be proved as they were proved in [10] for algebraically closed fields. 
Case 1. Suppose that 0-1 ~ 0. Also suppose that tr 1 = Pl > 0 and 
0-2=P2.  As p~<p,  it is impossible that P2 =P-  Then tr 2 =p2= a or 
0-2 = Pz = n - t + P2- In any case, rank[C 2 A1,5] = P2" Let 
Then 
~'l ~<min{m-p-q  +p l ,  p -p2} .  
According to Theorem 3, we have /3,~+ ~L = 1, which is equivalent o ~'1 ~< 
m - r - a;  we also have 
l)ot+m+p+~.l_p2 ~ 2, 
which is equivalent to 
z l~<m-p+p2-a+a (~). 
Clearly, Pl ~< T1 ~ O'1 = Pl" According to Theorem 3, none of the condition 
(A4)-(F  4) is satisfied. 
Case 2. Suppose that0= 0-1 =m-p-q  +p l .  Thenm=p +qand 
Pl = 0. Let r 2 = rank[C 2 A1,5]. According to Theorem 3, /31 "'" /3,. has a 
divisor of degree 8, where 
max{0, p -v  1 . . . . .  v~} ~< 8~<p-  r 2. (34) 
It is easy to see that P2 ~< ~'2 ~< 0-9.. Therefore, (33) is satisfied. 
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Sufficient condition: 
Case 1. Suppose that 0"1 ¢ 0. We use the argument that was used in the 
proof  of Theorem 4 of [10], except when we are not able to apply Theorem 3. 
The only cases where this is not possible are the following: 







and p is 
v 1 ~< 1, 001 = 1, tm is irreducible, d ( tm)>~3,  and p -  002 is a 
of d( tin); 
v 1 = 2, 001 > 0, 002 = 0, tm is irreducible, d(t im)  = 2, and p - 0-1 
2 ~< I) 1 -~< d( tm) ,  O'1 = 1, °'2 = 0, tm is irreducible, d ( tm)  /> 3, 
a multiple of d( tin); 
(E~) v 1 = 2, o" 1 >i 2, o'~ = 0, d = p - 0-1 + 1, and fll "'" t,n does not 
have a root in F; 
(F~) 001 = 1, 0-z = 0, d = p, and /31 "'" tm does not have a divisor of  
degree 8, where 
max{O,p-v  1 + 1} ~< 8~<p-  1. 
Subcase 1.1. Suppose that one of the conditions (2:4), (B~) is satisfied. 
Then 002 < P, and, therefore, 00~ = ot or o" z = n - t + P2. As v 1 ~< 1, we 
have a (2 )=0andm=d+v l + ' ' '  +v .=d+ or. Then 
d=m-a=(p-002)+(m-p-a+0"z ) .  (35)  
From (26), we get 
0"14 m - p - ot + 002. (36) 
Subcase 1.1.1. Suppose that Pl > °'1. Then (32) implies that 00z > Pz. 
Suppose that (2:4) is satisfied. As p - 001 - 0"2 is odd, we have 
001 + 1 ~< p - 002, (37) 
and the numbers 0-1 + 1, p - 0-2 have the same parity. As d is a multiple of 
d(t im) = 2, we deduce from (35) and (36) that 
001 + 1 <~ m -p  - or+ o'2, (3s) 
and the numbers o'1 + 1, m - p - ot + 00z have the same parity. 
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Now suppose that (B~) is satisfied. As p - ~r 2 is multiple of d(/3 m) (>i 3) 
and Or 1 ~--" 1, we deduce (37). We also deduce, from (35), that m - p - a + 
tr 2 is multiple of d(/3m). From (36), we get (38). 
Let 
[,0 01 
K = E F °'2×q, 
l--erl--1 
A' [ ~ I°'ol ] F (p-°'Dx(m-p-a+°'2) 1,2 = ~ , 
j=[I~_~ 0]EF(a-°'2)×(n-°'2). 
Consider J partitioned as follows: 
J = [J1 J2], where J1 ~ F("-'~)×(t-P2) 
According to Theorem 1, there exists a matrix 
A' A' ] 
At  = 1,1 1,2 Fdxd 
A~,I A~,2 e (39) 
such that xI,~ - A' has nonconstant invariant factors fl . . . . .  Jr. Then 
B,  = 
0 K 
Aq, 1 0 A' 1,2 
0 0 




is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 1.1.2. Suppose that Pl = °'1. Note that tr 2 > P2, as we are 
assuming that one of the condition (K4), (B~) is satisfied and neither of the 
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conditions (A4) ,(B 4) is satisfied. I_~t 
Now, we use the argument of subcase 1.1.1 after the definition of A'1,2. 
Subc~e 1.1.3. Suppose that Pl < °'1. Let 
A',,2 [ I~rl_p _ 1 0 0 ] = 0 0 lo1 
0 0 0 
E F (p-~2)x(m-p-a+g~) 
According to Theorem 1, there exists a matrix of the form (39) such that 
xI d - A' has nonconstant invariant factors f l  . . . . .  f t .  Consider the matrix A' 
partitioned as follows: 
A,= [Dt, l D1,2], 
[D2,1 D2,2] 
where D1,1 ~ F (p-g2+al-pl)x(p-g2+g~-pl). The matrix 
- 0p~ 0 0 0 0 
0 0~_  p~ 0 0 0 
0 0 D1,1 0 D1, 2 
0 0 0 0~_ ~ 0 
0 0 D2,1 0 Dz, 2 
Ip~ 0 0 0 
0 0 0 I,,~_ p~ 
0 0 0 0 
0 I,~_,,~ 0 0 
0 0 0 0 
is block similar to [B 1 B2]. Beating in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subc~e 1.2. Suppose that one of the conditions (C~), (D~) is satisfied. 
As the case p = 0 is impossible and ot > 0, we assume that 0 = o" e = n - 
t + P2. Therefore n - t = 0 and P2 = 0. From (32), we get o"1 /> Pl. The 
case o" 1 = Pl is impossible, as the conditions (C 4) and (D 4) are false. Then 
°'1 > Pl. 
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Subcase 1.2.1. Suppose that cr I = 1. Then 19 = 0. From (31), it follows 
that v 1 - 1 >1 p - d. Let 8 = d(/3~). Note that in both cases (C~) and (D~), 
v 1~< 8 and p is multiple of  8. Therefore d />p.  Let (H  1,H2), where 
H l ~ F (m-d)×(m-a), H~ ~ F (m-d)xn, be a completely controllable pair with 
nonzero controllability indices v 1 . . . . .  v~. Let A' = C( f l )  • "" • C(fr).  
Then (24) is block similar to [ B 1 B 2 ]. 
Subcase 1.2.2. Suppose that cr 1 >t 2. Then (C~) is satisfied. Therefore, 
we have a strict inequality in (31) or V~l ~< 1. It follows that 
v 1 -4- "'" -Je'V~rl_ 1 -4- d >/p + cr I - 1. 
From (26), it follows that or 1 ~< m - r - a,  that is, jS~+,~ = 1. Therefore, 
~ot+O.l_ 1 ~ 1. 
It also follows that cr 1 ~< m-p-a  + a (2~, which is equivalent to 
tga_m+p+cr I ~ 2. Therefore, 
~)a_m+p+cr l _  1 ~ 2 .  
Without loss of  generality, suppose that 
cl=I': :] c2 0 
Let 
[0 01 = EF. F px(m-p-q) .  
According to Theorem 3, there exist matrices A 1 and A 2 of  the forms 
(28) and (29), such that [ A 1 A 2 ] is block simialr to [B 1 B~]. Bearing in mind 
Propositions 3.1 and 3.2 of  [4] (l_~mmas 2 and 1 of  [10]), the proof is 
complete. 
Subcase 1.3. Suppose that (E~) is satisfied. As in subcase 1.2, we assume 
that P2 = 0 and cr 1 > Pl. Replacing d by p - o" 1 -I- 1 in (31), we deduce 
that v 1 +. . -  +v~ />2cr 1 -  1. Therefore cr 1 + a c~)>12~ 1- 1 and a (~)t> 
o, 1 -  1. Let A' ge a d × d matrix such that xI a - A'  has nonconstant 
invariant factors f l  . . . . .  f t .  Let (H1, H2), where H 1 ~-F h×h, H 2 
F h×(n-~l+l), h =v~a + "" +v~, be a completely controllable pair with 
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nonzero controllability indices %, . . . . .  v s. The matrix 
- 00.1__ pl__ 1 0 0 I0.i__ pl __ 1 0 
0 Op~ 0 0 0 
0 0 A' 0 0 0 
0 0 0 00.1 __ pl __ 1 0 0 
0 0 0 0 H 1 0 
0 0 0 0 0 Op~ 
0 0 
0 







H 2 0 
0 I~, 
is block similar to [B 1 B2]. Beating in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 1.4. Suppose that (F~) is satisfied. As in subcase 1.2, we assume 
that P2 = 0 and 0-1 > Pl. Then Pl = 0. Let A' be a d × d matrix such that 
xI d -A '  has nonconstant invariant factors f l  . . . . .  f t .  Let (HI,  H2), where 
H l ~ F (m-a)×(m-a), H 2 ~ F (m-d)xn, be a completely controllable pair with 
nonzero controllability indices v 1 . . . . .  v~. The matrix (24) is block simialr to 
[B1 B2]. 
Case 2. Suppose that0= 0-1 =m-p-q  +p l .  Thenm=p +qand 
Pl = 0. Let ~'2 = min{0-2, P - 6}. It is easy to see that (34) is satisfied and 
P2 ~< ~'2 ~< a. According to Theorem 3, there exists a matrix 
A1,1 01J ] 
A3,1 A3,3 A3,5 ' 
where A1, 1 ~ Fpxp, 
= [ Ip2 0 0 0 0 1,2_o~ 
0 0 
E F pxn 
block similar to [B 1 B2]. 
(Lemmas 2 and i of [10]), 
Case 3. Suppose that 
Subcase 3.1. Suppose 
Beating in mind Propositions 3.1 and 3.2 of [4] 
the proof is complete. 
0= 0-1 <m-p-q  +pp 
that 0 = 0" 1 = p - °'2- Let 
(MI,[M2 M3 M41) ,  
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where M 1 ~ F (m-a)x(m-a), M 2 ~ F (m-a)×p2, M 3 ~ F (m-a)×(°'~-p2), M 4 
FOn- ~)x (~- ~), be a pair of matrices with controllability indices v I - 1 . . . . .  
v,, - 1 such that 
[x~_~ - M 1 -M2 -M  3 -M4]  
has noneonstant invariant factors f l  . . . . .  fr" Then 
0 
J 




/'o, 2 _ p~ 
0 
where 
is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 3.2. Suppose that 0= cr 1 =m-p-  a+ ~r 2+ a (2). Using 
(31), we get m=(v  l+ ' ' '+v~+d)+(v .+ l  + ' ' "  +v~)>ip+(a-  
o,2), and therefore m - p a + ~r 2 ~> 0. As ~ a (2)/> 0, we deduce that 
a - tr 2 = m - p and a (2) = 0. Let A' be a d × d matrix such that xI,t - A '  
has nonconstant invariant factors f l  . . . . .  f t .  Then 
[ Op~ 0 0 0 i 0,~_ p~ 0 ] 0 A' 0 
0 0 0,~_ ~ 
Ip~ 0 0 0 1 
0 0 0 I~_p~ 
0 0 0 0 
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is block similar to [B 1 B2]. Bearing in mind Propositions 3.1 and 3.2 of [4] 
(Lemmas 2 and 1 of [10]), the proof is complete. 
Subcase 3.3. Suppose that 0=or  1 =m-r -a .  Then v 1 . . . . .  
v ,=  1, and f l  . . . . .  f~ has degree 1. Suppose that f l=x-a .  Let 
A' =a I  d . Note that p<tr2  ~< a. Then (40) is block similar to [B x B 2]. 
Bearing in mind Propositions 3.1 and 3.2 of [4] (Lemmas 2 and 1 of [40]), the 
proof is complete. • 
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